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Let p,(x, 5) be the classical Hamiltonian of a relativistic particle in a magnetic 
field: p,(x, 5) = [lc< -ea(x)l* + m2c4]‘i2. We study some properties of the Weyl 
quantized Hamiltonian p;(,t’, D). Under the assumption allowing constant 
magnetic fields, we prove that for m > 0, p;(X, D) is essentially self-adjoint on 
Y’(R“). Moreover, we give some results on the convergence of pL(X, D) as M + 0, 
and on the lower bounds of the Hamiltonians. 0 1990 Academic Press, Inc. 
1. INTR~DUCTJ~N 
We consider the quantum Hamiltonian associated, via the Weyl corre- 
spondence, with the classical Hamiltonian 
pm(x, t)= [lc&ea(x)12+m2c4]“2 (xER$ <ERR) 
of a relativistic spinless particle (mass m 2 0 and charge e) in a magnetic 
field. Here c is the velocity of light and a(x)= (a,(x), . . . . ad(x)) is the 
magnetic vector potential, so that the magnetic field is given by the skew- 
symmetric matrix valued function B = curl a with the (j, k)-component 
Bjk = au,jaxj - aujpx, (j, k = 1) . ..) d). More precisely, we treat the quan- 
tum Hamiltonian pE(X, D), which is defined by 
pgx, D) u(x) = (27c-d J/ &- K’).$JPm (F, 4) u(x’) dx’ & 
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for u E ,4”(Rd). Here Y(R”) denotes the Schwartz space of rapidly decreasing 
functions on Rd. Throughout this paper, we work in the Hilbert space 
L2 = L2(Rd). We take c = e = 1 for simplicity. We denote by 9?(Rd + Rd) 
the space of Rd-valued C” - functions on Rd which are bounded together 
with all their derivatives. First we give a result on essential self-adjointness 
of the operator p;(X, D). 
THEOREM 1. Let a(x) be an Rd-valued C”-function with aa/ax,E 
B(Rd+ Rd) (j= 1, . . . . d). Then for every m 2 0, pz(X, D) is essentially self- 
adjoint on Y(Rd). 
Since p,Jx, 5) is a non-negative symbol, we can derive the sharp 
Girding inequality for pz(X, D). 
THEOREM 2. Let a(x) be as in Theorem 1. Then there exists a constant 
C > 0 such that 
(pG(X D) u, u) 2 (m - C) II42 
for all u E Y(Rd) and all m 3 0. 
It is interesting to ask a question whether the convergence of the 
operator p;(X, D) as m + 0 occurs. Our result to this question is 
THEOREM 3. Let a(x) be as in Theorem 1. Then for every 6 E (0, l), there 
exists a constant C6 > 0 such that 
II CPZX D) - PO”(X D)l4 6 Csms II4 
for all ue9’(Rd) and all me (0, 1). 
Using this theorem, we can derive the limit as m + 0 of the dynamics 
generated by the quantum Hamiltonian H, which is defined to be the 
unique self-adjoint realization of p;(X, D) with domain Y(Rd). 
THEOREM 4. Let a(x) be as in Theorem 1. Then for every 6 E (0, 1 ), there 
exists a constant C6 > 0 such that 
IledirHm - e-i’HoII < C, ItI m* (tcR), (1.1) 
lleCrHm- e -rHoII < C6 tercms (t>O) (1.2) 
for all m E (0, 1). Here C is the same constant as in Theorem 2. 
The estimate (1.2) was pointed out to the authors by Professor Ichinose. 
Our original result was much weaker than (1.2) (cf. Nagase and 
Umeda [16, Theorem 3(ii)]). 
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The rigorous study of the quantum Hamiltonian 
[-n+m2]“‘+ V(x) 
of a relativistic spinless particle has been made by several authors in the 
last decade; see Weder [22], Herbst [6], Daubechies [3, 41, and 
Daubechies and Lieb [S]. There has been, however, little study of the 
quantum Hamiltonian pI;(X, D) of a relativistic spinless particle interacting 
with a magnetic field. Exceptions to this are the works of Tchinose [7] and 
Ichinose and Tamura [S]. They deal with the quantum Hamiltonian of a 
relativistic spinless particle in an electromagnetic field of a bounded vector 
potential and a bounded scalar potential. 
The motivation for this paper is the desire to show essential self-adjoint- 
ness of the quantum Hamiltonian p;(X, D), with a constant magnetic field 
which is physically of special interest. The classical Hamiltonian pm(x, 5) = 
[I< -AxI +m2]‘i2 (A being a dx d matrix) with the constant magnetic 
field behaves badly, as a symbol, in the sense that P,J.x, 0, together with 
its derivatives, is constant on the plane {(x, 5) 1 5 = Ax}. To overcome this 
difficulty, we take the weight function 
2(x, [)= [1~-a(x)12+ 11’:’ 
and exploit the calculus, for symbols in S,:,,,, which was developed by 
Iwasaki [9], Kumano-go and Taniguchi [13], and Taniguchi [21]. Our 
method to show self-adjointness of p;(X, D) is based on construction of an 
inverse of pE;(X, D) modulo the class Sx, ,,“. Let us note that we could also 
apply our method to the Hamiltonian pzr(X, D) + V(x) with an unbounded 
scalar potential V(x) (see [17]). However, in order to show simplicity of 
our idea, we deal only with the Hamiltonian pi(X, D). 
We emphasize that the Weyl quantized Hamiltonian pE(X, D) has an 
advantageous property that p,Jx, 5) is the classical Hamiltonian of a 
relativistic particle in a magnetic field. In fact, pz(X, D) is a convenient 
quantum Hamiltonian to give an imaginary-time path integral for the 
particle (cf. [S]). One might ask that we could define the Hamiltonian of 
the particle as the operator square root of the Schrodinger operator 
ID - a(x + m2. 
However, the classical Hamiltonian pm(x, l) generally does not correspond 
to the operator square root. Indeed, for a large class of vector potentials, 
the operator square root differs from pI(X, D). 
The plan of the paper is as follows. We prove Theorem 1 in Section 2 
and Theorem 3 in Section 3. After introducing operators with anti-Wick 
symbols, we show Theorem 2 in Section 4. Theorem 4 is proved in a rather 
abstract manner in Section 5. This paper is the detailed version of [16]. 
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2. ESSENTIAL SELF-ADJOINTNESS 
We shall now give a proof of Theorem 1. While pE(X, D) is a pseudo-dif- 
ferential operator with Weyl symbol, our proof of the theorem is based on 
the calculus of the usual pseudo-differential operators. Among advantages 
gained by using Weyl calculus, we only use the fact that p;(X, D) is 
symmetric on Y(Rd). Let us define 
2(x, 5)= [I<-a(x)12+ 1]1’2. 
LEMMA 2.1. Let a(x) be as in Theorem 1. Then there exist constants c,,, 
C,,, and c, such that 
where A!“~,(x, 4) = (a/at)’ ( -ia/8x)s 2(x, 5) and (x) = (1x1’+ 1)‘12. 
ProoJ Note first that i(x, 4) = (5 - a(x)). It is easy to see that 
(r+5’)G2(0(5’>. (2.1) 
Since &r/ax, E %?(Rd -+ Rd) (j = 1, . . . . d), there exists a constant C such that 
(a(xJ) d C(x). Hence by (2.1) we see that 
which proves conclusion (a). To prove conclusion (c), we note that 
b(x)-4x+y)lGCIvl. 
Then we have 
Conclusion (b) follows from the assumption of the lemma and the fact that 
Q.E.D. 
Lemma 2.1 implies that 2(x, 5) is a basic weight function in the sense of 
Definition 1 in Appendix. We now give the proof of Theorem 1. We divide 
the proof into two parts. 
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Pro@ of Theorem 1. nz > 0. In view of Lemma 2.1, it is clear that 
,DJx, 4) = [I[ ~ a(- + m*]’ * belongs to SJ,.,,, (for the definition, see 
Appendix). We put 
Then, by Theorem A.1 in the Appendix, it follows that pc(x, 5) E Sj., ,,0 and 
for ZJ E Y(R”). 
Note that P; = p;(X, D) is symmetric on Y(Rd). To prove the theorem, 
it is sufficient to show that for some p > 0, PE; f ill map 9’(Rd) onto dense 
subsets of L2 (cf. Reed and Simon [ 18, Corollary, p. 2571). To show this 
we construct the bounded inverses of the operators pE(X, D) + ip modulo 
bounded operators (see Mori and Shizuta [14]). 
By applying Theorem A.2 in the Appendix, we see that 
P”’ = P, + R,, ,,I (2.2) 
with P, = p,(X, D) E S:,,,, and R,, = r,(X, D) E Si,,,,. It follows from 
Theorem A.4 in the Appendix that R, can be extended to a bounded 
operator on L*. For p E R, we set 
It is easy to check that q,,+(x, 0 E Sy, ,,,, and that there exist constants C,, 
such that 
kl:;&G 511 d CM, II-4 -l 4x3 5) Ia’. 
Then Theorem A.4 shows that Qmrc = q&X, D) can be extended to a 
bounded operator on L* and that 
Ilem,ll~cIPlr’. (2.3) 
Since (a/a<i)(p,(x, <) + ip) = (a/at,) pm(x, 0, it follows from Theorem A.3 
that 
d(f’, + @I Q,,)(x, 5) = 1 + fn,&c 0 
with r&x, 0 E Sg, ,,0 and with 
ly”mlc/jo) d Cl I PI ’ (/=O, 1, 2, . ..). 
(2.4) 
(2.5) 
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Thus we have 
(f’: + icl) Qm,t = I+ it,,, + R,Qmg, 
by (2.2) and (2.4). Furthermore, using (2.3), (2.5), and Theorem A.4, we 
see that 
By using the Neumann series expansion, we can construct the inverse of 
the operator (PL + ip) QmV for sufficiently large I/J/. Hence (Pz + ip) Q,,,,, 
can be extended to a bounded operator on L2 with a bounded inverse. 
Since Qmp maps 9’(R”) into itself, PL+ i,~ maps Y(Rd) onto a dense 
subset of L* provided that 1~1 is sufficiently large. Q.E.D. 
We now turn to the proof of Theorem 1 for m =O. We note that the 
symbol 
Pob, 5)= It-4x)l 
is not differentiable at (x, 5) with 4 = a(x). Then we have some difficulty in 
defining the operator p;;‘(X, D) as an usual pseudo-differential operator. 
However we can avoid the difficulty by making an accomodation. First we 
choose a cutoff function x E C”(Rd) so that 0 6 ~(5) 6 1 and 
and we set 
(P(5) = 1 -x(5). 
Then we decompose the symbol pO(x, 0 into a sum of a non-regular 
symbol and a regular symbol: 
Po(X, 5) =x(5-4x)) P&T 5) + (PC5 -4x)) Po(X, 5) 
=x0(x? 5) + cpok 5). (2.6) 
It is easy to see that 
for u E Y(R”). By using the Fubini theorem, we can write x:(X, D) as an 
integral operator, 
x;;‘(X, D) u(x) = j z&)(x, x’) 24(x’) dx’, 
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where 
z&(x, x’) = (27r) ‘I E”’ “).“‘(’ + \’ ’ “R,,(X - x’), 
g)(z) = I‘ r”.‘x(ri) 151 dt’. 
LEMMA 2.2. (a) For every IJ E (0, 1 ), there exists a constant C, such 
that 
I&(z)l <C,(l + lzl))“P’+“. 
(b) x:(X, D) can be extended to a bounded operator on L2(Rd). 
We give the proof of Lemma 2.2 after the proof of Theorem 1 for m = 0. 
Proof of Theorem 1. m =O. By Lemma 2.2(b), x:(X, D) is a bounded 
self-adjoint operator on L2(Rd). In view of (2.6) and the Kato-Rellich 
theorem (cf. Reed and Simon [19, p. 162]), it is sufficient to prove that 
cpg(X, D) is essentially self-adjoint on Y(Rd). It is straightforward to see 
that cp,,(x, <) is a symbol of class S:,, 0. Thus, we can show, in a similar 
way to the case m > 0, that cp;(X, D) ‘is essentially self-adjoint on Y(Rd). 
Q.E.D. 
Proof of Lemma 2.2. We start with the proof of conclusion (a). Let II/ 
be a function in C”(Rd) such that 
For E>O we put 
It is then obvious that &(z; E) converges to &(z) for each z as E + 0. To 
prove conclusion (a), it is sufficient to show that for every 0 E (0, 1) there 
exists a constant C,, independent of E, such that 
I&@; E)[ d c, 1~1 -d- ’ +O. (2.7) 
Since 1(/(5/c) ~(5) ItI is in C,“(Rd), we see, by a repeated use of integra- 
tion by parts, that 
’ (I/I(~/E) ~(0 151) dt (2.8) 
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for any ~1. In particular, if c( # 0 then we have 
(2.9) 
Subtracting (2.9) from (2.8), we have 
for CI # 0. We note that the annulus E < ItI< 2~ contains the support of any 
derivative of order 3 1 of $(&‘E). Using this fact, we can deduce that 
(2.11) 
for any ~1, where the constant C, does not depend on E. Since 
le iz.c - 11 < 2 IzIU l[l” 
for GE [0, 11, we can conclude from (2.10) and (2.11) that 
(2.12) 
for c( #O. If (a( <d+ 1, then the integral on the right-hand side of (2.12) 
is convergent. This proves (2.7). Thus we have shown conclusion (a). 
Conclusion (b) is a direct consequence of conclusion (a) and the Young 
inequality. Q.E.D. 
3. THE CONVERGENCE OF THE OPERATORPL(X,D) 
In this section we give the proof of Theorem 3, by means of a series of 
lemmas. 
Let x and cp be the same function as in Section 2. In agreement with the 
decomposition of the symbol pO(x, 5) in Section 2, we write 
Pmk i;) = x(i’ -4x)) Pm(X, 0 + (P(5 - 4x)) Pmb? 5) 
= LA t) + (Pmk t). 
Then we have 
580192Jlb10 
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It is easy to treat the regular part cpz,(.X’, D)- q3;;(X, 0). In fact, this 
operator can be treated in the framework of the well-known theory of 
L2-bounded pseudo-differential operators. 
LEMMA 3.1. There exists a constunt C > 0 such that 
II CvXX D) - cph”(X ~)I4 d Cm’ /lull 
for any u in ,Y(R”) and all m > 0. 
Proof: Let us define 
Up)= [p+m2]“2--p”2, p > 0. 
It is easy to show that for k = 0, 1, 2, . . . . 
Ifz)( p)I < C,m2p (’ +‘@j2, 
where the constants Ck are independent of m > 0. If we put 
~m(4)=dofm(1512)~ 
then we see by a simple calculation that 
where the constants C, are independent of m > 0. We note that 
(Pm(% 5) - cpo(x, <) = h?dt -4x)). 
Since i(x, t)= (t--a(x)) and since aa/dxjEa(Rd+Rd) for j= 1, . . . . d 
(the assumption of the theorem), we see that 
where the constants C,, are independent of m > 0. Hence Theorem A.5 in 
the Appendix yields the desired conclusion. Q.E.D. 
We turn to the estimate for the non-regular part x:(X, D) - x:(X, D). 
We first note that xL(X, D) can be handled exactly as in Section 2: We can 
write x:(X, D) as an integral operator 
xtt;(X, D) U(X) = /&(x, x’) u(x’) dx’, 
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where 
LEMMA 3.2. For every (T E (0, l), there exists a constant C, > 0 such that 
li&(z)l <C,(l + lZI)-d-L+o, 
where the constant C, is independent of m E (0, 1). 
The proof of this lemma is similar to that of Lemma 2.2, and actually it 
is easier, because of the fact that [ I< I* + m’] “’ (m > 0) is a C “O-function. 
So we omit the proof. 
Combining Lemmas 2.2 and 3.2, we get 
LEMMA 3.3. For every g E (0, l), there exists a constant C, > 0 such that 
lRm(z,-~~(z)I <C,(l+ IZI)-d-l+V, 
where the constant C, is independent of m E (0, 1). 
To show the convergence of x:(X, D) to x:(X, D), we need 
LEMMA 3.4. For every 6 E (0, l), there exists a constant C6 > 0 such that 
l&(z) - &(z)l d Cbmb(l + IzI)-“, 
where the constant Cb is independent of m E (0, 1). 
Proof: The idea is almost the same as in the proof of Lemma 2.2. 
However, we have to estimate the derivatives of [ 151’ + m’] ‘I2 - 151 much 
more carefully. 
Let f,( p) be the same function as in the proof of Lemma 3.1. Then we 
have 
If!,k’(p)I ~C,m2([p+m2]1~2+p’~2)~2p~(2k-1)~2 (k = 1, 2, . ..). 
(3.2) 
where Ck are independent of m > 0. By a simple computation, we find that 
for 6 E (0, 1 ), 
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Therefore we see that for 6 E (0, 1 ), 
,fC$(/,), < ckm”p-12k- 1 +a);2 (k = 1, 2, . ..). 
From this estimate we can deduce that 
I( > 
$ “([l<12+m2]112- ,[I)1 <C,m” 1~1+1+1p6 (a #O) (3.3) 
for 6~(0, 1) and m>O. 
It follows from (3.2) that 
IR,(z) - &z)l 6 Cm, 
where the constant C only depends on the function x. Hence, to prove the 
lemma, it is sufficient to show that for every 6 E (0, 1) there exists a 
constant Cs > 0 such that 
IEm - &(z)l d Csm” IzI pd, m > 0. (3.4) 
Let @ be the same function as in the proof of Lemma 2.2. For E > 0 we 
Put 
~~(z;E)=Sei;i~(5/8)~(5)[1512+m2]1’2d5. 
We claim that for every 6 E (0, 1) there exists a positive constant Cd, 
independent of E, such that 
IR,(z; c) - &(z; E)/ 6 Cams IzI -d, m > 0. 
By the same argument as in the proof of Lemma 2.2, we have 
(3.5) 
Iz”CK&; 8) - &(z; &Ill 
for ~1~0. It follows that 
( > T$ ’ (~~~/~~~~5~~C1512+~211’2-151~~ 
= c 
a I3 
p + 8’ + 8” = or CPLV” 2 ( > 
(em)) 
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where C,,,,,, are constants depending only on /I, /I’, and /I”. When 
/I’ + /I” # 0, we obtain, using (3.2) and (3.3), 
IZaarp-(5; m, &)I < C,m* 151 -I” +I-’ (3.7) 
for 1: > 0, 6 E (0, 1 ), and m E (0, 1). When /I’ + j?” = 0, we have 
IZppfp45; w &)I 6 CEmlE(J5) 151+’ (3.8) 
for E>O and me (0, 1). Here l&t) is th e c ha racteristic function of the 
annulus E(E) = (t; E < I<1 d 2s). Since leiz.5 - 11 ~2 IzI 151, we conclude 
from (3.6), (3.7), and (3.8) that for c1# 0 
Iz”[RJz; E) - zTo(z; &)]I 
GC, I4 m6 j,t,s2 l~l~“‘+z~~de+m~~~~,lCI~‘“~+14) 
( 
(6 > 0, 6 E (0, l), m E (0, 1)). 
If 1~1 dd+ 1, then we have 
E(E) 5 E(l) 
Thus we have shown (3.5). Since &(z; E) converges to &(z) as E + 0, the 
estimate (3.4) follows from (3.5). Q.E.D. 
LEMMA 3.5. For every 6 E (0, l), there exists a constant C6 > 0 such that 
II [xE(X D) - xiW, ~)I4 6 Cams lI4l 
for all u E 9'(Rd) and m E (0, 1). 
Proof Lemmas 3.3 and 3.4, together with a simple argument, show that 
for fi E (0, l), 
l&(z) - &(z)l d C&(1 + l~l)-~-*, m E (0, l), 
where C6 > 0 and z > 0 are constants independent of m. Then the Young 
inequality gives the lemma. Q.E.D. 
Proof of Theorem 3. By Lemmas 3.1 and 3.5, the decomposition (3.1) 
yields the desired result. Q.E.D. 
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4. THE LOWER BOUNDS OF THE HAMILTONIANS 
In this section we give the proof of Theorem 2. Although we can prove 
the theorem by using the Friedrichs approximation or by using the method 
in Nagase [ 151, we give here a proof by the use of anti-Wick symbols (see 
[20]). Using anti-Wick symbols, we easily show that p;(X, D) -m is 
uniformly bounded from below. 
DEFINITION. Let a(x, [)E Sy,,, with MER. We define 
The operator d”(X, D) is called a pseudo-differential operator with anti- 
Wick symbol a(x, 5). 
LEMMA 4.1. Let a(x, t)~Sy,,, with ME R. Then 6(x, 5) belongs to 
ells and for all I= 0, 1,2, . . . we have 
Ii? y < C( Ial y? 
Proof: It is clear that G(x, 5) is in C “(R’x Rd), and that 
Using Lemma 2.1, we easily see that 
n(x-Y,5-r)“~C~(x,5)“(1+IYl+lrlI). (4.1) 
Therefore, for a and b with lc1+ PI < 1, we have 
lug)(x-y, r-r])/ < lalj”)i(x-y, 5-q)” lz’ 
6 c, lal y 4x, 5) M-‘x’ (1 + IL’1 + Jql)“f’a’ 
Thus we obtain 
Iq;+ 7 5)l d c, lal y ;I(x, 4)“- I4 for lcr+flld1. 
This gives the lemma. Q.E.D. 
The convenience of anti-Wick symbols is demonstrated by 
LEMMA 4.2. Zf a(x, 5) a 0, then 
(fi"(X, D)u, u) > 0 for u E 9'(Rd). 
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For the proof, see Shubin [20, p. 1791. 
The following lemma is useful in obtaining a lower bound to a pseudo- 
differential operator with Weyl symbol. 
LEMMA 4.3. Let a(x, r)~Sf .,,, 0. Suppose that 
Ib$))(X, 01 d C&,4X, W’“’ 
for all c( and /? with I /I?] > 1. Then 5(x, 5) - a(x, 0 E S’j, ,,0, and we have 
Iii:-41°‘dG lllalll, 
for all 120, where 
Illalll~- max ~up{(laj;;~)(x, 5)l 
l”,$p’ 7’ (x. e, 
ProoJ: Since 
+ laj;J+y,b, 511) 4x3 w>. 
7~~~ exp(-~y~2-~~~2)dyd~=1, f f 
we find that 
4% 0 - 4% 5) 
=?T -’ ff C~~~-~,5-r~-~~~,~~l~~p~-l~12-Iul12~~~~~. (4.2) 
Writing 
4X-Y, 5-YI)-4& 4) 
= 1 j’{-. lyYa(,,(x - Oy, 5 - 0~) - f&)(x - 19y, 5 - Or/)} de, 
IYI = 1 0 
we see by (4.1) that 
I($)‘( -4)” [4-Y, 4-v)-44 <)I 
GC ,?,=I !:’ (Iv’ ia;;)+,)(x - dY, 5 - Qrl)l 
+ IT+$;~)(x- f3y, 5 - 8rj)l) d0 
6C, lll~lll,4x, 5)+ (I+ IYI + I’lI)‘+‘a’ 
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for any a and /I with 1% + PI < 1. This inequality, together with (4.2), implies 
the desired conclusion. Q.E.D. 
Proof of Theorem 2. In view of Theorem 3 it is sufficient to show the 
inequality in question for m 3 1. 
For every u # 0, there exists a constant C, > 0 such that 
I( > 
4 1 [l~,‘+m21”~ac.cC)1~ ‘I’ (4.3) 
for all 1722 1. Since p,Jx, <)= [1[-a(~)l’+rn~]‘/~, we find by (4.3) and 
the assumption of the theorem that 
IP !&ycx, <)I + Ip!$+&, 01 d C&x, 0 ‘I’ (4.4) 
for all ~1, /I, and y with IyI = 1, where C,,{ are independent of m > 1. Let us 
define 
u,(x, 5) = pm(x, 0 - m. 
It is clear that a,(~, 5) > 0. In addition, it follows from (4.4) and 
Lemma 4.3 that 
Ifi m -%ljO’dG lll%lll,6C; (l=O, 1,2, . ..) 
for all m 3 1. Then Theorem A.5 shows that 
II CqJX D) - aX(X ~114 G c Ilull for u E Y(Rd), (4.5) 
where the constant C is independent of m 3 1. Writing 
p;(X, D) = m + [aL(X, D) - 5:(X, D)] + 5:(X, D), 
and using (4.5) and Lemma 4.2, we obtain 
(pL(X D) u, u) > (m-c) ll423 
where C is the same constant as in (4.5). Q.E.D. 
5. THE CONVERGENCE OF THE DYNAMICS 
In this section we give the proof of Theorem 4. As in the Introduction, 
the operator H, is the unique self-adjoint realization of pL(X, D) with 
domain Y(Rd). In view of Theorem 3 the difference H, - Ho can be 
extended uniquely to a bounded operator on L2(Rd) which will be denoted 
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by B,,,. We accordingly find that for every 6 E (0, 1) there exists a constant 
C,>O such that 
IIB,II G Cbmsr m E (0, 1). (5.1) 
Proof of Theorem 4. We only prove ( 1.2). The proof of ( 1.1) can be 
done in a similar way. 
Since H, = H, + B,, we can appeal to the Dyson-Phillips expansion 
(see Kato [lo, Theorem 2.1, p. 497): 
e 
~ fH, -(f-.T)H,B e-.7H(,d 
m s, t > 0. (5.2) 
Using (5.1), (5.2), and Theorem 2, we have 
lleptH”--e pfHoll d 1: Ile-(‘-s)HmII IlB,li Ile-sHoII ds 
d C8 teICms 
for m E (0, 1). Q.E.D. 
APPENDIX 
The results in the Appendix are basically due to Iwasaki [9], Kumano- 
go [ 111, Kumano-go and Taniguchi [ 131, and Taniguchi [21]. (See also 
Beals and Fefferman [11.) For the reader’s convenience, we repeat and 
reproduce what we needed in the previous sections. 
DEFINITION 1. A Cm-function L(x, t) on Rz x Rf is said to be a basic 
weight function if there exist nonnegative constants (T, z, co, C,,, and ci 
such that 
NOW, fixing a basic weight function 2(x, 0, we define pseudo-differential 
operators of class Sy,,, ( - cc < M < co ). 
DEFINITION 2. (1) A Cm-function p(x, 5) is said to be a symbol of 
S?,,o if for any ~1, fi there exists a constant C,, such that 
IPjy)(X, 01 d c,/Ax> 5Y-‘“‘. 
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(2) A pseudo-differential operator P = p( X, D) with symbol p(x, <) 
of class Sy,,,, is defined by 
p(X, D) u(x) = (27~) -“j” e” :p(x, s’) t;(t) d< 
for UEY(R~), where ti(<)=je pi.r-S~(~) dx. In this case we write 
p = AX D) E ill and we denote the symbol p(x, 0 of P by a(P)(x, <). 
It is easy to see that P: Y(Rd) + ,Y(Rd) is continuous. 
For p(x, 5) E Sf,., we write 
Iplj”‘= max sup{lp$+, <)I JO, OY”“‘} 
I%+/{1 </ (L 6) 
(l=O, 1, . ..). 
A pseudo-differential operator P”’ = p”(X, D) with Weyl symbol p(x, 5) 
of class Sy,,, is defined by 
for u E ,Y(Rd). The operator P” can be represented in terms of a pseudo- 
differential operator with symbol 
(cf. Kumano-go [ 12, p. 4911). For the definition of oscillatory integrals, see 
Kumano-go [12, p. 461. 
THEOREM A.l. Let p(x, iJ) E ST,,,. Then we have p”‘(x, 5) E Sy,,,. 
Furthermore, for any integer I >/ 0 there exist a constant C, and an integer 
I’ 3 0 such that 
The proof of Theorem A.1 is exactly the same as the proof of 
Theorem 2.7 in Iwasaki [9]. 
THEOREM A.2. For p(x, <) E Sy,,, we set 
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Then r(x, 4) E ST,;/ and 
pw(x, 5) = ~6, 5) + 4x, 0. 
For the proof of Theorem A.2, see Taniguchi [21, Theorem 1.63. 
THEOREM A.3. For P, = p,(X, D) E ST,,, and P, = p2(X, D) E S’$, we 
set 
OS- e-i-“.“ppiY’(x, <+Qq)p2(yj(x+y, S)dydq JJ 
Then ?(x, 5) E ST;to”‘- I and 
4P,P2)(4 5) = PI(X, 5) PAX, 5) + 3x9 0. 
Furthermore, for any integer 12 0 there exist a constant C, and integers I’, I” 
such that 
Theorem A.3 follows immediately from Iwasaki [9, Theorem 2.9 and 
Lemma 2.21. 
The following L*-boundedness result is due to Iwasaki [9, Theorem 2.83. 
(See also [2, 111.) 
THEOREM A.4. Let p(x, <)E$‘,,,. Then there exist a constant C and an 
integer 12 0 such that 
for all u E Y(R“). 
II P(X D)ull G c I PI 5O’ Ilull 
The L2-boundedness result for operators with Weyl symbols follows 
immediately from this theorem and Theorem A.l. In fact we have 
THEOREM A.5. Let p(x, 5) E Si,,,,. Then there exist a constant C and an 
integer I > 0 such that 
for all u E Y(Rd). 
IIP”‘(X DIdI GC IPljO’ Ilull 
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